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In this paper, a distributed parameter model is used to study the pull-in instability of cantilever type nanomechanical
switches subjected to intermolecular and electrostatic forces. In modeling of the electrostatic force, the fringing ﬁeld eﬀect
is taken into account. The model is nonlinear due to the inherent nonlinearity of the intermolecular and electrostatic forces.
The nonlinear diﬀerential equation of the model is transformed into the integral form by using the Green’s function of the
cantilever beam. Closed-form solutions are obtained by assuming an appropriate shape function for the beam deﬂection to
evaluate the integrals. The pull-in parameters of the switch are computed under the combined eﬀects of electrostatic and
intermolecular forces. Electrostatic microactuators and freestanding nanoactuators are considered as special cases of our
study. The detachment length and the minimum initial gap of freestanding nano-cantilevers, which are the basic design
parameters for NEMS switches, are determined. The results of the distributed parameter model are compared with the
lumped parameter model.
 2006 Elsevier Ltd. All rights reserved.
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Nanomechanical switches are fundamental building blocks for the design of NEMS applications, such as
nanotweezers and some other nanoscale actuators (Kim and Lieber, 1999). However, there is an inherent
instability, known as pull-in phenomenon, in both MEMS and NEMS switches. A typical MEMS switch is
constructed from two conducting electrodes, one is ﬁxed and the other is movable. A voltage diﬀerence
between the two electrodes causes the upper movable electrode to deﬂect downward to the ground electrode0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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in onto the ground electrode. The voltage and deﬂection of the switch at this state are called the pull-in param-
eters of the switch.
Osterberg and Senturia (1997) obtained an analytical expression for the pull-in parameters of the MEMS
switches. A lumped two degrees of freedom model was presented in (Bochobza-Degani and Nemirovsky,
2002) for a direct calculation of the pull-in parameters of the electrostatic actuators. The bifurcation analysis
of an electrostatic microactuator was considered in (Bernstein et al., 2000; Pelesko, 2001). The intermolecular
forces were neglected in these studies of micromechanical actuators.
The reduction of the separation between the components will require NEMS designs to account for inter-
molecular forces that have been neglected until now. The intermolecular forces are signiﬁcant when the nano-
beams work in vacuum without the eﬀect of capillary forces and the separations between movable components
are in the sub-micrometer range (Ding et al., 2001). For separations much less than the plasma wavelength (for
a metal) or much less than the absorption wavelength (for a dielectric) of the material constituting the surfaces
(typically below 20 nm), the retardation, which is a result of the ﬁnite propagation speed of the electromag-
netic ﬁeld, is not signiﬁcant (Lamoreaux, 2005). In this case, the intermolecular force between two surfaces
is simpliﬁed as the van der Waals attraction. The attraction varies as the inverse cube of the separation
and is aﬀected by material properties (Israelachvili, 1992).
Dequesnes et al. (2002) studied the eﬀect of the van der Waals force on the pull-in voltage while neglecting
its inﬂuence on the pull-in gap. Rotkin (2002) considered the eﬀect of the van der Waals force on the pull-in
gap, and obtained analytical expressions for the pull-in gap and voltage of a general model. Stiction in MEMS
due to the van der Waals force was studied and a theoretical model was presented in (van Spengen et al.,
2002). Lin and Zhao (2003) studied the dynamic behavior of nanoscale electrostatic actuators by considering
the eﬀect of the van der Waals force. In these investigations, a lumped parameter model was used by the
researchers.
When the separation is large enough (typically above 20 nm) so that the retardation is pronounced, the
intermolecular force between two surfaces can be described by the Casimir (retarded van der Waals) interac-
tion (Lamoreaux, 2005). The interaction is proportional to the inverse fourth power of the separation and it is
not aﬀected by material properties (Mostepanenko and Trunov, 1997).
The Casimir eﬀect on the pull-in gap and pull-in voltage of NEMS switches was studied in (Lin and Zhao,
2005a). Lin and Zhao (2005b) studied the inﬂuence of the Casimir force on the nonlinear behavior of nano-
scale electrostatic actuators. A one degree of freedom lumped parameter model was studied in these
investigations.
In this paper, the pull-in instability of the cantilever type nanoscale electrostatic switches considering the
intermolecular forces is studied using a distributed parameter model and closed-form solutions are obtained.2. Modeling of the nanoswitch
A cantilever switch is composed of a cantilever beam separated by a dielectric spacer from a ﬁxed ground
plane (Fig. 1). The cantilever beam deﬂects toward the underlying ﬁxed ground plane due to the attractive
electrostatic and intermolecular forces. At a critical ‘‘pull-in’’ voltage, the cantilever beam becomes unstable
and spontaneously collapses or pulls-in onto the ground plane. To study this nonlinear behavior of the switch,
a beam model is derived for the cantilever type nanoswitch of length L with a uniform cross section of widthFig. 1. Schematic of a cantilever switch.
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of the beam. Therefore, the governing equation may be written as~EI
d4y
dx4
¼ F elec þ F n; n ¼ 3; 4 ð1Þwhere y is the deﬂection of the beam, x is the position along the beam measured from the clamped end, I is the
moment of inertia of the beam cross section, and ~E is the eﬀective modulus. The eﬀective modulus ~E simply
becomes the Young’s modulus E for narrow beams (w < 5h) and becomes the plate modulus E/(1  t2), where
t is the Poisson ratio, for wide beams (wP 5h) (Timoshenko, 1987). On the right side of Eq. (1), Felec and
Fn(n = 3,4) are the electrostatic and intermolecular forces per unit length of the beam, respectively. The inter-
molecular forces including the van der Waals (F3) and Casimir forces (F4) are taken into account considering
their range of application. The van der Waals force becomes operative at separations below 20 nm and the
Casimir interaction is present at separations above 20 nm (Serry et al., 1995).
Considering the ﬁrst order fringing ﬁeld correction (Gupta, 1997; Haung et al., 2001), the electrostatic force
per unit length of the beam isF elec ¼ e0wV
2
2ðg  yÞ2 1þ 0:65
ðg  yÞ
w
 
ð2Þwhere e0 = 8.854 · 1012 C2N1m2 is the permittivity of vacuum, V is the applied voltage and g is the initial
gap between the movable and the ground electrode.
The van der Waals force per unit length of the beam is (Israelachvili, 1992)F 3 ¼ Aw
6pðg  yÞ3 ð3Þwhere A is the Hamaker constant.
The Casimir force per unit length of the beam is (Lamoreaux, 2005)F 4 ¼ p
2hcw
240ðg  yÞ4 ð4Þwhere h = 1.055 · 1034 J s is Planck’s constant divided by 2p and c = 2.998 · 108 ms1 is the speed of light.
3. Nondimensional formulation of the model
For convenience, the model is formulated in the nondimensional form. Substituting Eqs. (2)–(4) into (1)
and introducing the nondimensional variablesu ¼ y=g; z ¼ x=L ð5Þ
the following nondimensional equation is obtainedd4u
dz4
¼ F ðzÞ ð6ÞwhereF ðzÞ ¼ knð1 uðzÞÞn þ
b
ð1 uðzÞÞ2 þ f
b
ð1 uðzÞÞ ð7ÞThe index n is 3 for the van der Waals force and 4 for the Casimir force.
The nondimensional parameters appearing in Eq. (7) arek3 ¼ AwL
4
6pg4~EI
; k4 ¼ p
2hcwL4
240g5~EI
; b ¼ e0wV
2L4
2g3~EI
; f ¼ 0:65 g
w
ð8ÞAnd the associated boundary conditions are
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dz
ð0Þ ¼ 0 ðgeometrical boundary conditions at clamped endÞ ð9aÞ
d2u
dz2
ð1Þ ¼ d
3u
dz3
ð1Þ ¼ 0 ðnatural boundary conditions at free endÞ ð9bÞAccording to the deﬁnition of the nondimensional variables, physically meaningful solutions exist in the re-
gion 0 < u0 < 1, where u0 is the deﬂection of the cantilever tip. The nondimensional parameters k3, k4 and b
denote the order of magnitude of the van der Waals, Casimir and electrostatic forces with respect to the elastic
force, respectively.
4. Nonlinear integral equation representation of the model using Green’s function
Understanding the response of a system to a concentrated load is useful, since from the theoretical point of
view, the solution for an arbitrary load can be constructed using only the known load and the solution for a
concentrated load. The concentrated load at z = n is modeled by using the Dirac delta function d(z  n).
Replacing F(z) with d(z  n) and u with G in Eq. (6), one obtainsd4G
dz4
¼ dðz nÞ ð10Þwhich models a cantilever beam with a concentrated load at z = n. The solution to this problem called the
Green’s function isGðzÞ ¼ a0z
3 þ a1z2 þ a2zþ a3; 0 6 z < n
b0z3 þ b1z2 þ b2zþ b3; n 6 z < 1

ð11ÞThe coeﬃcients ai and bi (i = 0,1,2,3) in Eq. (11) are unknown constants.
Imposing the boundary conditions (ﬁxed at z = 0 and free at z = 1)Gð0Þ ¼ dG
dz
ð0Þ ¼ d
2G
dz2
ð1Þ ¼ d
3G
dz3
ð1Þ ¼ 0 ð12ÞOne obtains,GðzÞ ¼ a0z
3 þ a1z2; 0 6 z < n
b2zþ b3; n 6 z < 1

ð13ÞEq. (13) still has four unknown constants to be determined from the continuity of the solution and its ﬁrst and
second derivatives at n, i.e.,GðnÞ ¼ GðnþÞ
dG
dz
ðnÞ ¼ dG
dz
ðnþÞ
d2G
dz2
ðnÞ ¼ d
2G
dz2
ðnþÞ
ð14ÞThe ﬁnal condition comes from integrating equation (10) across the point n to obtaind3G
dz3
ðnþÞ  d
3G
dz3
ðnÞ ¼ 1 ð15Þwhere the plus and minus indicate the right and left of n, respectively.
Applying the conditions (14) and (15), one ﬁndsGðz; nÞ ¼
z2
6
ð3n zÞ; 0 6 z < n
n2
6
ð3z nÞ; n 6 z < 1
(
ð16Þas the deﬂection of a cantilever beam with concentrated load of unit strength at point n.
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ing problem. Multiplying Eq. (10) by u, Eq. (6) by G, subtracting the two equations, and integrating from
z = 0 to z = 1, one may obtainZ 1
0
G
d4u
dz4
 u d
4G
dz4
 
dz ¼
Z 1
0
ðFG udÞdz ð17ÞIntegrating the left side of Eq. (17) by parts and applying the boundary conditions (9) and (12), all contribu-
tions from these terms vanish and one is left withuðnÞ ¼
Z 1
0
Gðz; nÞ  F ðzÞdz ð18ÞNoting that G(z,n) is a symmetric function of z and n, one may rename the variables and writeuðzÞ ¼
Z 1
0
Gðz; nÞ  F ðnÞdn ð19Þwhich is the integral representation of the nonlinear diﬀerential equation (6). In this way, the Green’s function
is used to turn the nonlinear diﬀerential equation (6) into the nonlinear integral equation (19).
Substituting Eq. (7) into Eq. (19), one ﬁndsuðzÞ ¼
Z 1
0
Gðz; nÞ  knð1 uðnÞÞn þ
b
ð1 uðnÞÞ2 þ f
b
ð1 uðnÞÞ
 !
dn ð20ÞUsing Eq. (20), iterative numerical methods can be applied to ﬁnd the solution, i.e.,uiþ1ðzÞ ¼
Z 1
0
Gðz; nÞ  knð1 uiðnÞÞn þ
b
ð1 uiðnÞÞ2
þ f bð1 uiðnÞÞ
 !
dn ð21ÞThe operator on the right side of Eq. (21) isTuiðzÞ ¼
Z 1
0
Gðz; nÞ  knð1 uiðnÞÞn þ
b
ð1 uiðnÞÞ2
þ f bð1 uiðnÞÞ
 !
dn ð22ÞTherefore, the iterative scheme becomesuiþ1ðzÞ ¼ TuiðzÞ ð23Þ
The operator T stands for the inversion of the elastic problem. The contraction mapping theorem may be ap-
plied for the analysis of the convergence of the iterative scheme. Starting with zero deﬂection, the iterative
scheme yields only the lowest branch of solutions on the bifurcation diagram (Pelesko and Bernstein,
2003). Numerical computation of the pull-in voltage via the iterative scheme is very time-consuming. In this
paper, another method is proposed to solve the problem, which will be discussed in the following sections.
5. Pull-in parameters
For computation of the pull-in parameters, the deﬂection of the cantilever tip (i.e., the maximum deﬂection
of the beam) is considered asu0 ¼ uðz ¼ 1Þ ¼
Z 1
0
Gðz ¼ 1; nÞ  F ðnÞdn ð24Þwhich is obtained by substituting z = 1 in Eq. (19). Using Eqs. (7) and (16), Eq. (24) may be written asu0 ¼ 1
6
Z 1
0
n2ð3 nÞ knð1 uðnÞÞn þ
b
ð1 uðnÞÞ2 þ f
b
ð1 uðnÞÞ
 !
dn ð25Þ
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6
Z 1
0
z2ð3 zÞ knð1 uðzÞÞn þ
b
ð1 uðzÞÞ2 þ f
b
ð1 uðzÞÞ
 !
dz ð26ÞNo solution is possible without assuming some shape function for u(z). The deﬂection of the cantilever beam
can be approximated by the following quadratic function (Petersen, 1978; Ke et al., 2005) satisfying the geo-
metrical boundary conditions (9a)uðzÞ ¼ u0z2 ð27Þ
Substituting Eq. (27) into Eq. (26) and assuminga2 ¼ 1=u0 ð28Þ
leads tou0 ¼
Z 1
0
z2ð3 zÞ k
0
n
ða2  z2Þn þ
b0
ða2  z2Þ2 þ f
0 b
0
ða2  z2Þ
 !
dz ð29Þwherek0n ¼
kn
6un0
; b0 ¼ b
6u20
; f 0 ¼ f  u0 ð30ÞEvaluating the integrals on the right side of Eq. (29) (see Appendix A) and solving the result for b, we getb ¼
4u20  172 k4 9 tanh
1ð ﬃﬃﬃu0p Þﬃﬃﬃ
u0
p þ 9þ12u05u20ð1u0Þ3
 
2
3ð1u0Þ  53 f þ ð2f  1Þ
tanh1ð ﬃﬃﬃu0p Þﬃﬃﬃ
u0
p þ ðf  1Þ lnð1u0Þ
3u0
ð31Þin the case of n = 4 (the Casimir force) andb ¼
4u20  112 k3 3 tanh
1ð ﬃﬃﬃu0p Þﬃﬃﬃ
u0
p þ 3þu0ð1u0Þ2
 
2
3ð1u0Þ  53 f þ ð2f  1Þ
tanh1ð ﬃﬃﬃu0p Þﬃﬃﬃ
u0
p þ ðf  1Þ lnð1u0Þ
3u0
ð32Þin the case of n = 3 (the van der Waals force). The combined eﬀects of the electrostatic and intermolecular
forces appear in Eqs. (31) and (32).
For any given kn and g/w, the pull-in parameters of the switch are obtained from Eqs. (31) and (32) by set-
ting db/du0 = 0. Then, the inﬂuences of the intermolecular forces and the fringing ﬁeld on the pull-in param-
eters of nanoactuators are studied. The eﬀects of the intermolecular forces on the pull-in parameters uPI0 and
bPI of nanoactuators for g/w = 0.1 and 1 are shown in Figs. 2 and 3. In these ﬁgures, it can be seen that the
pull-in parameters uPI0 and b
PI decrease when the intermolecular force nondimensional parameter, kn, increases
from zero to kn. Therefore, the attractive intermolecular forces decrease the pull-in deﬂection and voltage of
nanoactuators. Furthermore, Figs. 2 and 3 present that the fringing ﬁeld increases the cantilever tip pull-in
deﬂection and decreases the pull-in voltage in nanoactuators.
Electrostatic microactuators and freestanding nanoactuators may be regarded as special cases of our study
and will be considered in the following subsections.
5.1. Electrostatic microactuators
Neglecting the intermolecular forces is a common practice in MEMS literature. When the eﬀects of the
intermolecular forces on the actuator are neglected, i.e., kn = 0, Eqs. (31) and (32) are simpliﬁed asb ¼ 4u20=
2
3ð1 u0Þ 
5
3
f þ ð2f  1Þ tanh
1ð ﬃﬃﬃﬃu0p Þﬃﬃﬃﬃ
u0
p þ ðf  1Þ lnð1 u0Þ
3u0
" #
ð33Þ
Fig. 2. Eﬀects of the intermolecular forces on the cantilever tip pull-in deﬂection in nanoactuators for g/w = 0.1 and 1.
Fig. 3. Eﬀects of the intermolecular forces on the pull-in parameter bPI in nanoactuators for g/w = 0.1 and 1.
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means neglecting the fringing ﬁeld eﬀect.
The pull-in parameters uPI0 and b
PI of the microswitch are obtained from Eq. (33) and are plotted versus g/w
in Figs. 5 and 6, respectively.
Neglecting the fringing eﬀect (i.e., f = 0) in Eq. (33), we obtainb ¼ 4u20=
2
3ð1 u0Þ 
tanh1ð ﬃﬃﬃﬃu0p Þﬃﬃﬃﬃ
u0
p  lnð1 u0Þ
3u0
 !
ð34ÞIn this case, the pull-in parameters areuPI0 ¼ 0:472; bPI ¼ 1:827 ð35Þ
Therefore, using Eq. (8) the pull-in voltage is
Fig. 4. Parameter b as a function of u0 for various g/w values in microactuators neglecting the intermolecular forces.
Fig. 5. Eﬀect of the fringing ﬁeld on the cantilever tip pull-in deﬂection in microactuators neglecting the intermolecular forces.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3:654g3~EI
e0wL4
s
ð36ÞEqs. (34)–(36) are identical to the results obtained by Petersen (1978) for a cantilever microbeam, neglecting
the fringing ﬁeld.
When the separation of the cantilever from the ground plane is comparable to its width, the fringing ﬁeld
becomes very important and can not be neglected. From Fig. 5, it is found that the fringing ﬁeld increases the
cantilever tip pull-in deﬂection (i.e., the travel range of the switch). However, it is concluded from Fig. 6 that
Fig. 6. Eﬀect of the fringing ﬁeld on the pull-in parameter bPI in microactuators neglecting the intermolecular forces.
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et al. (2004) that the fringing ﬁeld increases the travel range from 45.4% to 47.2% of the initial gap for a can-
tilever beam.
5.2. Freestanding nanoactuators
In contrast to micromechanical switches, the operation of nanomechanical switches is diﬀerent because of
the importance of the intermolecular forces, which can be neglected at the micro-scale. When the gap between
the cantilever beam and the ground plane is small enough, even without an applied voltage, the beam can col-
lapse onto the ground plane due to the intermolecular forces. Setting b = 0 in Eqs. (31) and (32) to study the
behavior of a freestanding nanoactuator, yields the equationsk4 ¼ 288u20= 9
tanh1ð ﬃﬃﬃﬃu0p Þﬃﬃﬃﬃ
u0
p þ 9þ 12u0  5u
2
0
ð1 u0Þ3
" #
ð37Þandk3 ¼ 48u20= 3
tanh1ð ﬃﬃﬃﬃu0p Þﬃﬃﬃﬃ
u0
p þ 3þ u0ð1 u0Þ2
" #
ð38Þfor nanoactuators subjected to the Casimir and van der Waals forces, respectively. Eq. (37) is identical to
Johnstone and Parameswaran’s (2002) equation for the Casimir eﬀect.
The critical values of Eqs. (37) and (38) areu0 ¼ 0:289; k4 ¼ 1:025 ð39Þ
andu0 ¼ 0:359; k3 ¼ 1:313 ð40Þ
respectively. Eqs. (37) and (38) are plotted in Fig. 7, which demonstrates that for a given kn less than k

n, two
solutions exist in 0 < u0 < 1; The solution less than the u0 is a stable equilibrium point and the other solution is
an unstable equilibrium point.
Fig. 7. Relationship of kn and the cantilever tip deﬂection when no voltage is applied on nanoactuators.
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
n and the cantilever collapses. Therefore,
the critical value kn places an absolute limit on the cantilever design.
The maximum length of the MEMS/NEMS structure that does not stick to the substrate without the appli-
cation of a voltage is called the detachment length (Lin and Zhao, 2003), which is a basic design parameter for
MEMS/NEMS. In other words, the detachment length is the maximum permissible length of the freestanding
nanobeams. It is interesting to note that the detachment length of the cantilever beam can be obtained by the
critical value of kn, i.e., k

n. Substituting the values of k

n into the deﬁnition of kn in Eq. (8), the detachment
length is obtained asLmax ¼ g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
20:498g~Eh3
p2hc
4
s
ð41Þdue to the Casimir force andLmax ¼ g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:657p~Eh3
A
4
s
ð42Þdue to the van der Waals force. As an alternative case, if the length of the switch is known, then one can cal-
culate the minimum gap, gmin, between the switch and the substrate to ensure that the switch does not adhere
to the substrate. The minimum gap isgmin ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2hcL4
20:498~Eh3
5
s
ð43Þdue to the Casimir force andgmin ¼ L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A
0:657p~Eh3
4
r
ð44Þdue to the van der Waals force.
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The equation of the lumped parameter model studied by Lin and Zhao (2003, 2005a,b) is repeated here for
continuity of notation and taking into account the fringing eﬀect neglected in their investigation. Using the
same parameters and variables deﬁned in the previous sections, the governing equation of the lumped param-
eter model is8~EI
L4
y ¼ F elec þ F n ð45ÞThe following nondimensional form is obtained using Eqs. (5) and (8)8u ¼ knð1 uÞn þ
b
ð1 uÞ2 þ f
b
ð1 uÞ ; n ¼ 3; 4 ð46ÞAs before, the index n is 3 for the van der Waals force and 4 for the Casimir force.
The lumped parameter model only simulates the tip of the cantilever, therefore in Eq. (46), u is identical to
u0. Using u0 instead of u in Eq. (46), one ﬁnds8u0 ¼ knð1 u0Þn þ
b
ð1 u0Þ2
þ f bð1 u0Þ ð47ÞEq. (47) may be rewritten asb ¼ 8u0ð1 u0Þ
2  knð1 u0Þ2n
1þ f ð1 u0Þ ð48ÞFor any given kn and g/w, the pull-in parameters of the switch can be obtained from Eq. (48) by setting db/
du0 = 0. The eﬀects of the intermolecular forces on the pull-in parameters uPI0 and b
PI for g/w = 0.1 and 1 are
shown in Figs. 8 and 9, respectively.
The results of the distributed and lumped parameter models when kn increases from zero to k

n are summa-
rized in Table 1 for n = 4 and in Table 2 for n = 3.
We study the lumped parameter model in the special cases of electrostatic microactuators and freestanding
nanoactuators and compare the results with the distributed parameter model in the following subsections.Fig. 8. Eﬀects of the intermolecular forces on the pull-in deﬂection for g/w = 0.1 and 1 in the lumped parameter model.
Fig. 9. Eﬀects of the intermolecular forces on the pull-in parameter bPI for g/w = 0.1 and 1 in the lumped parameter model.
Table 1
Comparison of the distributed and lumped parameter model results when k4 increases from zero to k

4
Model g/w = 0 g/w = 0.1 g/w = 1
uPI0 b
PI uPI0 b
PI uPI0 b
PI
From To From To From To From To From To From To
Distributed parameter 0.472 0.289 1.827 0 0.478 0.289 1.750 0 0.517 0.289 1.274 0
Lumped parameter 1/3 1/5 32/27 0 0.338 1/5 1.136 0 0.369 1/5 0.834 0
Table 2
Comparison of the distributed and lumped parameter model results when k3 increases from zero to k

3
Model g/w = 0 g/w = 0.1 g/w = 1
uPI0 b
PI uPI0 b
PI uPI0 b
PI
From To From To From To From To From To From To
Distributed parameter 0.472 0.359 1.827 0 0.478 0.359 1.750 0 0.517 0.359 1.274 0
Lumped parameter 1/3 1/4 32/27 0 0.338 1/4 1.136 0 0.369 1/4 0.834 0
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If the intermolecular forces are neglected (i.e., kn = 0) in Eq. (48), then we haveb ¼ 8u0ð1 u0Þ
2
1þ f ð1 u0Þ ð49Þwhich is plotted against u0 for diﬀerent values of g/w in Fig. 10.
In this case, the pull-in parameters areuPI0 ¼
3ð1þ f Þ  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ f Þð9þ f Þp
4f
ð50Þ
Fig. 10. Parameter b as a function of u0 for diﬀerent g/w values neglecting the intermolecular forces in the lumped parameter model.
Fig. 11. Eﬀect of the fringing ﬁeld on the pull-in deﬂection neglecting the intermolecular forces in the lumped parameter model.
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PI
0 ðf  3þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ f Þð9þ f Þp Þ2
f 2ð1þ f þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ f Þð9þ f Þp Þ ð51ÞTo illustrate the eﬀect of the fringing ﬁeld on the pull-in parameters, uPI0 and b
PI are plotted versus g/w in Figs.
11 and 12, respectively.
Neglecting the fringing ﬁeld in Eqs. (50) and (51) givesuPI0 ¼
1
3
; bPI ¼ 32
27
ð52ÞThe results of the distributed and lumped parameter models when the intermolecular forces are neglected
(kn = 0) and g/w increases from zero to one are listed in Table 3.
Fig. 12. Eﬀect of the fringing ﬁeld on the pull-in parameter bPI neglecting the intermolecular forces in the lumped parameter model.
Table 3
Comparison of the distributed and lumped parameter model results when the intermolecular forces are neglected (kn = 0) and g/w
increases from 0 to 1
Model uPI0 increases b
PI decreases
From To From To
Distributed parameter 0.472 0.517 1.827 1.274
Lumped parameter 1/3 0.369 32/27 0.834
Fig. 13. Relationship of kn and u0 in the lumped parameter model when b = 0.
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Table 4
Comparison of the distributed and lumped parameter model results when no voltage is applied on the actuator (b = 0) for n = 4
Model u0 k

4 Lmax=fg½g~Eh3=ðp2hcÞ1=4g
Distributed parameter 0.289 1.025
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
20:4984
p
Lumped parameter 1/5 2048/3125 8
ﬃﬃﬃ
24
p
=5
Table 5
Comparison of the distributed and lumped parameter model results when no voltage is applied on the actuator (b = 0) for n = 3
Model u0 k

3 Lmax=½gðp~Eh3=AÞ1=4
Distributed parameter 0.359 1.313
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:6574
p
Lumped parameter 1/4 27/32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
27=44
p
=2
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When the electrostatic force is not applied on the actuator (i.e., b = 0), Eq. (48) becomeskn ¼ 8u0ð1 u0Þn ð53Þ
which is plotted in Fig. 13.
The critical values of Eq. (53) areu0 ¼
1
5
; k4 ¼
2048
3125
ð54Þfor n = 4 andu0 ¼
1
4
; k3 ¼
27
32
ð55Þfor n = 3. Hence, the detachment length isLmax ¼ 8
5
g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2g~Eh3
p2hc
4
s
ð56Þdue to the Casimir force andLmax ¼ 1
2
g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
27p~Eh3
4A
4
s
ð57Þdue to the van der Waals force.
The results of the distributed and lumped parameter models when no voltage is applied on the actuator are
summarized in Table 4 for n = 4 and in Table 5 for n = 3.
From Tables 1–5, it can be concluded that the lumped parameter model detects the trends correctly but
always underestimates the pull-in parameters in comparison with the distributed parameter model. The
lumped parameter model has several shortcomings; the electrostatic and intermolecular forces are assumed
uniform along the beam and the eﬀective stiﬀness of a cantilever carrying a uniformly distributed load is used
in the lumped parameter model. These shortcomings are overcome in our distributed parameter model.
7. Conclusion
In this paper, a distributed parameter model is studied for cantilever type nanoscale actuators considering
the intermolecular and electrostatic forces. In modeling of the electrostatic force, the fringing ﬁeld eﬀect is tak-
en into account. The derived diﬀerential equation is nonlinear due to the inherent nonlinearity of the intermo-
lecular and electrostatic interactions. The nonlinear diﬀerential equation is transformed into the nonlinear
4940 A. Ramezani et al. / International Journal of Solids and Structures 44 (2007) 4925–4941integral equation using the Green’s function of the cantilever beam. Assuming an appropriate shape function
for the beam deﬂection to evaluate the integrals, closed-form solutions are obtained. The pull-in parameters of
the switch are computed under the combined eﬀects of electrostatic and intermolecular forces. The attractive
intermolecular forces decrease the pull-in deﬂection and voltage of nanoactuators. The fringing ﬁeld increases
the pull-in deﬂection and decreases the pull-in voltage in micro and nanoactuators.
Electrostatic microactuators and freestanding nanoactuators are considered as special cases of our study.
The detachment length and the minimum initial gap of freestanding nano-cantilevers, which are the basic
design parameters for NEMS switches, are determined.
Finally, the results of the distributed parameter model are compared with those of the lumped parameter
model. This comparison reveals that the lumped parameter model underestimates the pull-in parameters of
nanoactuators due to its shortcomings.
The results of the present paper are believed to be useful in designing MEMS/NEMS switches and under-
standing the actuation of NEMS switches by the intermolecular forces.
Appendix A
Solutions of the integrals used in (29) areZ
z2
ða2  z2Þ2 dz ¼ 
1
2a
tanh1
z
a
 
þ z
2ða2  z2Þ ðA:1ÞZ
z3
ða2  z2Þ2 dz ¼
1
2
ln jz2  a2j þ a
2
2ða2  z2Þ ðA:2ÞZ
z2
ða2  z2Þ4 dz ¼ 
1
16a5
tanh1
z
a
 
þ zð3z
4 þ 8a2z2 þ 3a4Þ
48a4ða2  z2Þ3 ðA:3ÞZ
z3
ða2  z2Þ4 dz ¼
3z2  a2
12ða2  z2Þ3 ðA:4ÞZ
z2
a2  z2 dz ¼ zþ a  tanh
1 z
a
 
ðA:5ÞZ
z3
a2  z2 dz ¼ 
1
2
z2  1
2
a2 ln jz2  a2j ðA:6ÞZ
z2
ða2  z2Þ3 dz ¼ 
1
8a3
tanh1
z
a
 
þ zða
2 þ z2Þ
8a2ða2  z2Þ2 ðA:7ÞZ
z3
ða2  z2Þ3 dz ¼
2z2  a2
4ða2  z2Þ2 ðA:8ÞReferences
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